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INTRODUCTION

The study of glacial isostasy is concerned with the interpretation of that
set of geophysical observables unambiguously associated with the re-
sponse of the Earth to the massive continental deglaciations that marked
the end of the last glacial epoch of the current ice age. These globally
synchronous deglaciations, which began ca 18 KBP (thousands of years
before present), resulted in the addition to the oceans of approximately
1019 kgm of water (see, for example, Peltier & Andrews 1976), which
effected a mean global rise of sea level on the order of 80 meters. The major
ice sheets that served as the source of this meltwater were the Laurentide-
Innuitian complex of North America and the Fennoscandian complex
of North Western Europe. On the basis of time series of the relative
abundances of the isotopes 016 and 018, obtained from deep sea
sedimentary cores (see, for example, Broecker & van Donk 1970), from
which one may infer the extent of northern hemisphere continental ice
coverage, we know that the major ice sheets had existed on the surface
for roughly l0s years prior to their disintegration, a time scale over which
they were slowly, if not monotonically, approaching their maximum
extents (Andrews & Barry 1978). Because of the enormous scale of these
glacial complexes they exerted considerable mechanical stress on the
underlying planet by virtue of their mutual gravitational attraction. It is
fortunate for the subject of geodynamics that the planet has conspired to
"remember" its response to this applied stress and it is for this reason that
Reginald Daley (1934) was led to refer to the deglaciation event itself 
"nature’s great experiment."

The importance of this experiment is that, through interpretation of
the data it produced, we may directly investigate the nature of the rheo-
logical law governing the long timescale response of mantle material to
an applied stress. Such information is a crucial ingredient required in the
construction of thermal convection models for plate tectonics (Peltier
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200 PELTIER 

Figure 1 Photograph of a flight of raised beaches in the Richmond Gulf of Hudson Bay 
near the center of rebound. Photo courtesy of Professor C. Hilaire-Marcel. 

1980b). A second type of information that may also be extracted through 
interpretation of the results of this natural experiment concerns the 
detailed history of the melting event itself and this is important in 
understanding the mechanism of climatic change. 

The main observational data that we are interested in explaining consist 
of histories of relative sea level obtained by the dating of marine 
shells or other in situ carbonaceous material from relict beaches found 
either above or below present-day sea level. The photograph shown in 
Figure 1 is of a flight of raised beaches found in the Richmond Gulf of 
Hudson Bay, near what was the center of the ancient Laurentide ice 
sheet. When the height above present-day sea level of each of the beach 
horizons is plotted as a function of isotopic age (corrected to give proper 
sidereal age) then one obtains the relaxation curve shown in Figure 2 in 
which the oldest beach is found at the greatest height above m.s.1. (mean 
sea level). These data show that the surface of the solid earth at this site 
has been continuously elevated above the geoid since the removal of the 
ice load and that the rate of this uplift has been an exponentially decreasing 
function of time. 

Complementing such pointwise relaxation data and providing (as we 
shall see) an equally important key to the rheological puzzle, are maps of 
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Figure 2 Relaxation curve based upon C14 dates of the beaches in Richmond Gulf com-
pared with a theoretical prediction using the ICE-3 deglaciation history (to be discussed in 
later section) and an Earth model with constant mantle viscosity. Figure is from Peltier (1980).

the present-day free-air gravity anomaly over the once ice-covered regions.
Free-air anomaly data for Fennoscandia are discussed in Bailing (!980),
for example, and reveal a maximum negative anomaly over the once
ice-covered region of between 15 and 20 milligals. An equivalent map
for the Laurentide region was compiled by Walcott (1970) and is discussed
in some detail later in this article. Here the maximum observed negative
anomaly is on the order of 35 milligals.

That the sea level and gravity data do contain important rheological
information should be immediately clear. Since the melting of the ice
sheets was certainly complete by 5 KBP and most probably by 6.5 KBP
(Prest 1969), relaxation data such as those shown in Figure 2 conclusively
establish that the Earth cannot be described as a Hookes’ Law solid.
If it could be so described then the quasi-static deformation forced by the
shifting surface load would have ceased with the cessation of melting.
Even though the Hookean theology is universally agreed to provide a
reasonable description of short timescale seismic processes, it is completely
inadequate insofar as the understanding of postglacial rebound is con-
cerned. Even in the seismic regime, however, anelastic processes are
important ar/d produce observable effects, such as the dispersion of body
wave velocities (Liu et al 1976), and endow the elastic gravitational free
oscillations with finite Q (see, for example, Buland & Gilbert 1978). Such
high frequency anelasticity is apparently well described by a linear visco-
elastic absorbtion-band model (Anderson & Minster 1979, Minster 1980),
which is capable of delivering the weak dependence of intrinsic Q upon
frequency observed in the seismic regime. Such a model, however, does
not allow steady-state creep so that if it were a complete representation
of mantle rheology then thermal convection would be impossible and
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202 PELTIER

continental drift an indefensible hypothesis. That this is in fact the case
is a view still held by a minority of Earth scientists (e.g. Jeffreys 1973).

More likely, however, is the possibility that the transient creep of the
absorbtion-band model is followed by steady-state deformation and this
is in accord with laboratory observations of the creep of Olivine single
crystals (Kohlstedt & Go~tze 1974). It is presumably such steady-state
creep that governs both postglacial rebound and mantle convection
(Peltier et al 1980a). A linear viscoelastic approximation to the complete
theology must then consist of an absorbtion-band model (i.e. a standard
linear solid with a continuous spectrum of relaxation times) in series with
a Maxwell element to give a modified Burgers body solid (Peltier et al
1980b). In the long time limit such a solid behaves as a Newtonian viscous
fluid, which is characterized by a linear relation between stress and strain
rate. Laboratory data suggest that this might only be an approximation
since they show, in the high creep rate regime where the experiments must
be performed, that the stress-strain relation is nonlinear. It is still unclear
whether or not at relevant mantle strain rates the deformation mechanism
might be Newtonian but recent analyses (Twiss 1976) suggestive 
structural superplasticity conclude that this could well be the case.

In total (and perhaps blessed !) ignorance of these microphysical com-
plexities, early attempts to interpret the relaxation data from glacial
isostasy were based almost exclusively upon the assumption that the
Earth behaved entirely as a Newtonian viscous fluid insofar as the long
timescale adjustment phenomenon was concerned. A rather complete
account of the major achievements of interpretation up to and including
the year 1973 will be found in the review by Walcott (1973). In Walcott’s
view the preferred model for tlie mantle viscosity profile based upon this
work consisted of "a 110 km thick lithosphere which, although requiring
a viscosity of 1025 P[oise] to explain some long-term behavior, behaves
elastically on time scales of a few thousand years; a thin, low viscosity
channel some 100-500 km thick with a viscosity dependent upon thickness
of 1019 to 1021 P [oise ]; and a lower mantle viscosity greater than 1024
P [oise ]." In Walcott’s opinion the totality of the evidence then available
tended to ,support the previously stated conclusions of McConnell (1968)
and others\ to the effect that the viscosity of the lower mantle was signifi-
cantly in excess (by at least two orders of magnitude) of the viscosity of the
upper mantle. He considered the lower mantle value of 102’~ Poise to be a
lower bound upon the actual value, which he believed could be very much
higher.

The question of the viscosity of the lower mantle relative to that of the
upper mantle is an extremely important one insofar as models of mantle
convection are concerned. The simple geometric argument given in Peltier

www.annualreviews.org/aronline
Annual Reviews

A
nn

u.
 R

ev
. E

ar
th

. P
la

ne
t. 

Sc
i. 

19
81

.9
:1

99
-2

25
. D

ow
nl

oa
de

d 
fr

om
 a

rj
ou

rn
al

s.
an

nu
al

re
vi

ew
s.

or
g

by
 U

ni
ve

rs
ity

 o
f 

T
or

on
to

 o
n 

06
/1

4/
06

. F
or

 p
er

so
na

l u
se

 o
nl

y.

http://www.annualreviews.org/aronline


ICE AGE GEODYNAMICS 203

(1973), for example, suggests that for a mantle of uniform chemical
composition an increase of viscosity by more than two orders of magnitude
across the 670 km seismic discontinuity would be required to focus a
distinct circulation into the upper mantle region. Otherwise, whole mantle
convection would be preferred (Peltier 1973, 1980b, Sharpe & Peltier
1978, 1979) with a single cellular motion in the radial direction having 
vertical extent comparable to the mantle thickness. The view expressed by
Walcott in 1973 was necessarily conditioned by extant models of the
rebound process. These models were deficient in several important re-
spects and since that time a more complete and internally self-consistent
theory of postglacial rebound has become available, in terms of which a
more accurate description of the phenomenon is possible. In the following
sections, the main ingredients of this new theory are reviewed and the
revision of our notion of the mantle viscosity profile, which the new
analyses require, is assessed.

THE THEORY OF GLACIAL ISOSTASY

The physical basis of the new model ofisostatic adjustment is embodied in
a mechanical constitutive relation that provides a macroscopic connection
between stress and strain. Insofar as the long timescale rebound process
is concerned, we shall assume that the mantle may be described as a
linear viscoelastic Maxwell solid for which the stress tensor z~j and the
strain tensor e~j are related as (Peltier 1974)

ZiJ"+ #v (’rij -- ½z’la~(~iJ) 2~dij q-,’q, dlad~ij, (1)

where the dot denotes time differentiation, # and 2 are the conventional
Lam6 parameters of Hookean elasticity, and v is the molecular viscosity.
In the Laplace transform domain of the imaginary frequency s, (1) takes
the form

~,j = ~(~)~,j + ~(s)~j (2)

where the tilde indicates implicit dependence upon s, and where 2(s) and
#(s) are the compliances

2(s) - 2s + ~K/v., ~(s) ~s (3)
s + ~/v s + ~/v’

where K = 2 + 2~/3 is the elastic bu~ modulus. When it is subject to ~
applied stress, the Maxwell solid exhibits an initial response which is
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204 PELTIER

Hookean elastic. As time proceeds, however, the behavior tends asymp-
totically to that of a Newtonian fluid for which the deviatoric stress
depends linearly upon the strain rate. Inspection of the Laplace transform
domain compliances (3) shows that the time scale over which this transi-
tion in behavior is achieved is the Maxwell time Tm= v/~t. In the upper
mantle, where the.viscosity is on the order of |022 Poise, the elastic shear
modulus is such that T,n -~ 200 years. One of the ideas we hope to test by
fitting the Maxwell model to the postglacial rebound data is whether the
radial profile v(r) that we obtain is acceptible from the point of view of
models of the mantle convection process. It is important to note that,
although the Maxwell model is in itself an incomplete description of man-
tle rheology, the missing short timescale anelasticity required to under-
stand seismic Q does not affect the inference of v(r) (Peltier et al 1980b).

Because the strains produced by ice sheet and ocean loading are suffi-
ciently small, the deformation history may be described in terms of the
Laplace transformed and linearized field equations for the conservation
of momentum and for the gravitational field. These are respectively

V. ~ - V(pgu ̄  er) - pVq~ + gV’ (p~)er -- 0, (4a)

V2~ = - 4nGV. (pfi), (4b)

where p = p(r) is the density field in the background (undeformed)
hydrostatic and spherical equilibrium configuration, g = g(r) is the cor-
responding gravitational acceleration, u is the displacement field, er is a
unit vector in the radial direction, q~ is the perturbation of the ambient
gravitational potential associated with the deformation, and G is the
gravitational constant. The inertial force in (4a) is suppressed because 
the long time scale of the adjustment process.

The essential purpose of the theory is to employ (4) to determine the
response of the Earth to the space- and time-dependent ice and water
loads applied on its surface. We proceed first to calculate the response of
the planet to impulsive loading by a point mass and thus to construct a
Green’s function for the gravitational interaction problem. We may then
invoke the principle of superposition to describe the response to a realistic
loading history.

If in its unperturbed state the Earth may be well approximated as a
radially stratified sphere, then the response to a point mass load on its
surface will be a function only of radius r, angular distance from the applied
load 0, and time t. The solution three vector (u, tp) to equations (4) may 
be expanded in vector spherical harmonics as

fi = ~ (U,(r, s)Pn(cos 0)er + V,(r, s) ~ (cos (Sa)
n:O
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ICE AGE GEODYNAMICS 205

~ = ~ ~.(r,s)P.(cos (5b)
tl=O

where U., V,, ~, are spectral amplitudes for the harmonic disturbances of
degree n in radial and tangential displacement and in the perturbation to
the ambient gravitational potential respectively. When (5) are substituted
in (4) they reduce the field equations to a set of six coupled ordinary
differential equations of the form

dY
-- = ~Y (6)
dr

where Y = (U,, V., T,., To.,~.,Q.) and ~ is a complicated 6 x 6 matrix
of coupling coefficients given explicitly in Peltier (1974). T~, and To, are
spectral amplitudes in the expansions for radial and tangential stress
and Q, are those in the expansion for the auxilliary variable q =
O~/Or + (n + 1)~/r + 4nGpu~. To determine the response of the Earth to
the point mass load we solve (6) subject to the following boundary con-
ditions, which obtain at the Earth’s surface r = a:

T,. = -9(2n + 1)/4ha~, (7a)

To. = 0, (7b)

Q. = -4=G(2n + 1)/4~az, (7c)

which follow respectively (Peltier 1974) from the condition that the normal
stress balance the applied load, that the tangential stress vanish, and that
the radial derivative of the potential possess the correct discontinuity to
account for the surface density of the load.

Solutions of (6) subject to (7) are most economically expressed in terms
of the triplet of dimensionless scalars called surface load Love numbers
which are denoted by (h., l., k,) and defined through

1

where the expansion ~. = ~ + ~ has been employed, in which ~ are
the harmonic coefficients in the expansion for the field of force which
produces U,, ~, ~ in response. ~ are independent of the Laplace trans-
form variable because the surface point mass load is applied impulsively
(i.e. as a Dirac delta function in the time domain).

In Figure 3 we show an example of the surface h[(a,s) for a realistic
viscoelastic model of the Earth, which has an elastic lithosphere of thick-
ness T = 120 km, a constant viscosity mantle with v = 1022 Poise, and an
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206 PELTIER

Figure 3 Three-dimensional view of the Laplace transform domain relaxation surface
h~(s). Note that as n ~ ~o, h,~ ~ 0 and the viscous relaxation is completely suppressed. Figure
is from Peltier et al (1978).

inviscid core. The elastic structure of the model [p(r),2(r),#(r)] is that
obtained from the inversion of elastic gravitational free oscillation data
(Gilbert & Dziewonski 1975). The viscous part of the surface load Love
number is jus~t hV.(a, s)= h,(a, s)- h~,(a) where h,~ is the Love number
previously calculated by Farrell (1972) and others for the Hookean elastic
rheology. Figure 3 shows that for short deformation wavelengths (large n),
the viscous part of the response to the applied point mass load tends to
zero, an affect that is due to the presence of the elastic lithosphere. Also
evident from this figure is the existence of spectral asymptotes at both
large and small values of s, which correspond via the Tauberian theorems
to small and large values of time t respectively.

As shown in Peltier (1976), each spectrum h,(a, s) has an exact normal
mode expansion of the form

h,(a,s)= ~ s@~ + h~,.. (9)

where the s~ are a set of poles on the negative real s-axis of the complex
s-plane and where the ~ are the residues at these poles which measure the
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ICE AGE GEODYNAMICS 207

extent to which each of the associated modes is excited by the point
forcing. The relaxation times z7 = 1/s~ associated with each of these modes
may be computed by solving the associated homogeneous eigenvalue
problem. Figure 4 shows such normal mode relaxation spectra for several
different viscoelastic models of the planet. These models have been
constructed to illustrate the individual components of the spectrum for a
realistic Earth model, which is shown in plate d. The spectrum in plate a
is for a homogeneous viscoelastic sphere, which has only one mode for
each wavenumber n. This modal branch .has relaxation time increasing
with n such that for n large we have s ~- ~lp/2vkH which is the relaxation
spectrum for a viscous halfspace (kr~ is the horizontal wavenumber). Plate
b shows the effect of adding a lithosphere to the otherwise homogeneous
model and this is seen to introduce a second mode for each n and to force
the relaxation time of the fundamental mode to decrease with increasing
n for n ~ 30. It was on the basis of his observation of this effect in the
Fennoscandia data that McConnell (1968) was originally led to infer the
existence of a lithosphere with a thickness of about 110 km. In plate c we

-2

-3

-2

-3

MO

(d)
.MO

LOCO" ̄ . ¯ ........... ::~v,-..

....... ::~ .........
" £0 "".... CO

M/o¯

-TOO i01 102 IO0 I01 iO~’

ANGULAR ORDER L
Figure 4 Relaxation diagrams for the four Earth models described in the text. The relaxa-
tion times rn = s~-1 are plotted on a logarithmic scale and measured in units of 103 years.
Figure is from Peltier (1980).
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208 PELTIER

illustrate the effect of adding a high density inviscid core to the homo-
geneous model and note that this feature also introduces a second relaxa-
tion time for each n and that for this extra mode, as for the fundamental,
relaxation time increases with n. Plate d is the spectrum for a complete
Earth model which is seen to contain all of the individual features men-
tioned above plus additional modes which have particularly long relaxa-
tion times and which are due to the sharp increases of density in the
transition zone associated with the Olivine-Spinel and the Spinel-post
Spinel phase changes.

Since the Love number spectra have simple normal mode decomposi-
tions of the form (9) they possess trivial time domain representations

hn(a, t) = ~ rye-s7’ + h~ 6(t), (10)

which are the time domain spectral amplitudes for the impulsive point
forcing. The r7 in (10) and (9) are determined by employing the known 
as pivots in the collocation method discussed in Peltier (1976). If the point
mass were allowed to remain on the surface for t > 0, then the coefficients
for the resulting deformation may be obtained simply from (10) by convo-
lution with a Heaviside step function. This operation yields (suppressing a)

hn~(t) = ~. sTr~ (1 - e-S7t) + h~ (11)

= h ,V(t) 
Note that (9) and (11) are related 

lim h~1(t)= ~ ~ + h~ = lim hn(s), (12)
t--~ o~-~-’S~’ $-’*0

which clearly reveals the isostatic compensation mechanism since the
number ~j ry/s7 for each n is just the viscous contribution to the final
isostatically adjusted amplitude and this is a unique number for all Earth
models which differ from one another only through their ma~atle viscosity
profiles (Peltier 1976, Wu & Peltier 1981a). Examples ofhn,’v(t) spect.ra are
shown in Peltier et al (1978) for the realistic Earth model with-constant
mantle viscosity. For n ~ 150 the viscous response vanishes and such
short wavelength loads are supported elastically.

In order to describe the response of the planet to an arbitrary surface
load that is variable in both space and time, we construct Green’s functions
for the inhomogeneous boundary value problem and invoke the principle
of superposition. These Green’s functions may be computed for various
signatures of the response in terms of the Love numbers hn, In, k,. Here we
shall concern ourselves only with those for radial displacement, gravity
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anomaly, and the perturbation to the potential field, which have the
respective representations (Peltier 1974):

u,n( O, t) = -~ .~o h~( t)P.(cos (13a)

~"(0, t) = ~ee ,~o In - 2hff(t) - (n + 1)kff(t)]P.(cos (13b)

~bH(0, t) = ag ~ [-1 k~(t) - h~(t)]P.(cos 0) (13c)
me a~"0

Depending upon the nature of the Earth model, the above infinite series
may be slowly convergent and acceleration techniques such as the Euler
transformation may be required to sum them (Peltier 1974). In Figure 
the uff,v(0, t) Green’s function is shown for the realistic Earth model with
constant mantle viscosity. For plotting purposes the function has been
normalized by multiplication with "’aO" to remove the geometric singu-
larity at 0 = 0. Note that the 0 scale is logarithmic. As may be seen by
inspection of (11), the viscous part of the response vanishes at t = 0, then

~o

~0.0
Fi~lure 5 Viscous part of the Green’s function for radial displacement for the Earth model
whose relaxation spectrum is shown in plate (d) of Figure 4. The response has been normal-
ized by multiplication with "a0" to remove the effect of the geometric singularity at 0 = 0 for
plotting purposes. Figure is from Peltier et al (1978).
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increases with time as the surface sags under the applied load, eventually
reaching the deformed equilibrium state in which isostatic (gravitational)
equilibrium prevails. Note that in the region peripheral to the load the
planetary radius increases above its equilibrium value to create a
"peripheral bulge" surrounding the point mass. It is the collapse of this
bulge, following removal of a compensated load, that explains the observed
submergence in the immediately peripheral regions (Peltier 1974).

Given these response functions, we may next consider how they are to
be employed to predict observations of the type described in the introduc-
tion. In order to make a prediction we require a priori information con-
cerning the deglaciation history and this may be obtained with reasonable
accuracy in the manner described in Peltier & Andrews (1976). Inspection
of relative sea level variations (drowned beaches) in the far field of the ice
sheets provides an estimate of the amount of water that was added to the
ocean basins as a function of time during melting. Knowing the location
of the ice sheet margins as a function of time from end moraine data, the
water load is simply partitioned back to the ice sheets in the ratio of their
instantan~eous areas. Ice mechanical arguments (Patterson 1972) allow 
to obtain an approximation to the instantaneous topography. On the
basis of such information, Peltier & Andrews (1976) produced approximate
disintegration histories for the major ice sheets. In Figure 6a-f we show a
sequence of time slices through their disintegration histories for both the
Laurentide-Innuitian complex and for Fennoscandia (this model will be
referred to subsequently as ICE-I). It should be emphasized that these
reconstructions are to be viewed as first approxirflations, which will
undoubtedly require modification to correct certain characteristic misfits
between observation and theoretical prediction. It is a characteristic
feature of the problem of glacial isostasy that its solution involves the
determination of two unknown functionals of the theoretical model.
Neither the deglaciation history nor the viscosity profile are known per-
fectly in advance and so the inverse problem for either is intrinsically
nonlinear.

If there were a set of geophysical data that provided an accurate memory
of the change in local radius of the planet produced by ice sheet dis-
integration, then we could make a theoretical prediction to compare with
the observation simply by convolving the radial displacement Green’s
function (13a) with the surface load history to give

AR(O, dp, t) ff dn’   (14)

where M is the (assumed known) load history. Not withstanding the fact
that there is no geophysical data that provides a direct memory of
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Figure 6 Plates (a), (b), and (c) show three time slices through the ICE-1 melting history 
18 KBP, 12 KBP, 8 KBP respectively for the North American ice complex. Plates (d)o (e), 
show the same sequence for Fennoscandia,

AR(0, 2, t), there is a severe problem involved in implementing (14) which
has to do with M. This surface mass load functional may be expanded as

M = p,L,(O, 2, t) + pwL~,(O, 2, (15)

where pi and Pw are the densities of ice and water respectively and where
L~ and L~, are the corresponding thicknesses. The point to note here is
that the functional M consists not only of ihe detailed ice history which we
may estimate directly, but also of the water load in the ocean basins
produced by the melting ice. Since we may safely assume the hydrological
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cycle to be closed, mass conservation demands

f df~ pwLw = Mw = - f d~ p,L1= M, (16)

which is an integral constraint upon the load history. Given M~(t), the
time-dependent mass flux to the oceans (assumed negative for melting),
we can convert the corresponding M~, to a uniform equivalent time-
dependent rise of mean sea level which we call

M~(t)
SEus(t) (17)

pwAo

where Ao is the surface area of the Earth’s oceans. SEus(t), the so-called
eustatic water rise, for the Peltier & Andrews history, agrees with the
eustatic curve suggested by Shepard (1963) based upon the submergence
curve for the Gulf of Mexico. This curve is clearly supposed to represent
the average increase in water thickness over the ocean basins. If the actual
rise of sea level locally were everywhere equal to this average, then Lw in
(15) would be known from L~ and the convolution integral (14) could 
evaluated. In fact, Lw is not everywhere constant and this poses the severe
problem mentioned above. That Lw cannot increase uniformly over the
ocean basins follows from the fact that if it did then the surface of the ocean
would not remain equipotential during and after the deglaciation event.
However, any deviation of the surface away from equipotential would set
up currents in the ocean, which would redistribute water in such a way
that this surface condition was restored. In order to predict relative sea
level variations accurately, we must determine where in the oceans the
meltwater actually goes. It turns out to be possible to answer this question
rather accurately when a slightly more abstract view of sea level history is
adopted, and this subject will be discussed in the next section.

RELATIVE SEA LEVELS

In order to satisfy the constraint that the surface of the oceans remain
equipotential, we are obliged to consider the perturbations of potential
associated with an arbitrary history of loading. These perturbations may
clearly be calculated by convolving the load with the appropriate Green’s
function, which in this case is the third of those listed in (13). Let us suppose
that the major ice sheets all melted at a single instant t = 0 so that the
change of potential at r = a may be computed as

/~(0,~, t) = toI~H~ L, + pw~bn.w S (18)
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where (1) and (~) represent convolutions over the ice and water respectively
and where we have replaced Lw by S for later convenience. Now the change
in potential Aq~ will itself cause a change in sea level S, which is such as to
ensure that the surface of the new ocean remains equipotential. This
adjustment of sea level is in the amount (Farrell & Clark 1976, Peltier
et al 1978)

S = Aq~(0, 4, t) + C (19)

where the constant C is fixed by the requirement of mass conservation.
Equation (19) is a result from first-order perturbation theory and 
therefore valid only for sufficiently small variations of bathymetry. From
the manner in which it has been constructed, S is the local variation of sea
level with respect to the solid surface of the planet and is therefore precisely
the sea level history recorded in raised beaches such as the sequence shown
in Figure 1. Substituting (19) into (18) we obtain

S=p~-~-~L~+pw--*g wS+C" (20)

An explicit expression for C is obtained by multiplying (20) by Pw and
integrating over the surface area of the oceans; solving for C then gives

c--M’(t) I c~_~ ~__c~n >
pwAo Ao *ws (21)

since -M,(t) = (pwS)o is the known mass loss history for the ice sheets
in which ( )o indicates integration over the oceans.

With C given by (21), Equation (20) now constitutes an integral equation
for S which we have called the sea level equation. Since it is an integral
equation, with the unknown S(O, 4, t) both on the left-hand side and under
the convolution integral on the right, it must be solved using a matrix
method. What we do is to divide the "active" area of the surface of the
Earth (ice plus ocean) into a number of finite elements. The system is also
discretized in time and to date we have elected to sample the S-history
at equispaced intervals of 103 years, which is .the same sampling interval
employed to describe the input deglaciation model L~. We assume that the
mass load upon the finite element with centroid at r’ may be described by

P

L(r’,t) = ~ Lt(r’)H(t- (22)
/=1
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where the t~(l = 1, P) are a series of times that span the deformation
history and the Lt are the loads applied or removed at the discrete times
t~. A complete description of the numerical methods employed for the
solution of the general form of (20) will be found in Peltier et al (1978)
and we will not repeat the detailed discussion here. Experience with the
gravitationally self-consistent model embodied in (20) has shown that 
the near field of the ice sheets the differences between its predictions and
those based upon the assumption that the relative sea level history is
essentially a measure of the local change in radius corrected by the eustatic
sea level rise (e.g. Peltier & Andrews 1976) are small. The reason why these
errors might be small is provided in Peltier (1980a) although it took
explicit calculation to establish the fact.

Inspection of a sample solution to (20) shows that the rise of sea level
in the ocean basins at points distant from the ice is quite nonuniform, with
the greatest variation away from the 76.6 meter present-day average of
ICE-1 being confined to the region nearest the ice. This may be taken as
rather strong evidence to the effect that the notion of a eustatic rise of sea
level should be used cautiously. By piercing such theoretically predicted
global histories at longitude-latitude coordinates for which C14 data on
relative sea level history exists, we may extract a specific prediction to
compare with observations. Such predictions, as mentioned above, are
dependent upon two unknown functionals of the model, namely, the
viscosity profile of the Earth’s interior and the assumed disintegration
history. It is our ability to perform an initial linearization of the problem
using a priori knowledge of the melting history that makes it possible to
proceed. We first fix the ice history and determine a best v(r). We then fix
v(r) and refine L~(O, ~b, O, continuing the iterative process until convergence
is achieved. This procedure is precisely analogous to the use of free
oscillation data to simultaneously constrain the interior elastic structure
and the seismic moment tensor (Gilbert & Dziewonski 1975).

The first step along the iterative path was made by Peltier & Andrews
(1976) who calculated sea levels using the approximate formula (14) 
which ocean loading effects were neglected entirely, although a single cal-
culation was shown, which suggested that these effects were weak in the
near field of the ice, as mentioned above. Their conclusion from these ini-
tial calculations was that a model with uniform mantle viscosity was pre-
ferred. This conclusion was based almost entirely upon the fact that the
model with high viscosity in the lower mantle predicted present-day rates
of emergence in the central region that were much higher than observed.
Very little data from the peripheral region had been compiled at that time
and the model fit the far field data poorly because of the neglect of ocean
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loading Under the ice sheets the fit to the data was quite good when the
uniform mantle viscosity model was employed.

A second step in this analysis was made in the papers by Clark et al
(1978) and Peltier et al (1978) in which the gravitationally self-consistent
model was first introduced. These calculations focused upon the ability
of this general model to make accurate predictions at sites arbitrarily dis-
tant from the ice sheets. Use of the Peltier & Andrews load history showed
.that the predictions for the far field sites were time shifted from the obser-
vations such as to imply that melting should be delayed by about 2 x 103
years from the timing assumed by Peltier & Andrews. This time shift was
therefore introduced and the far field data were fit rather accurately in
consequence. This forward shift in timing of the disintegration, of course,
had a disastrous effect upon the fits to the data at sites near the ice sheets;
in particular, misfits to the emergence-submergence curves exceded 300~o
at sites along the eastern seaboard of North America and at locations that
were once under the Laurentide ice sheet (Peltier 1980a). We currently
refer to the shifted version of the Peltier & Andrews melting history as
ICE-2.

Given that the delayed melting characteristic of ICE-2 seemed required
to fit the far field emergence data, the third step in the iterative process of
refinement was to attempt to improve the agreement between theory and
observation in the near field of the Laurentide ice sheet. The’ obvious way
of effecting the desired reconciliation was to reduce the ice sheet thickness
(Peltier et al 1978), since only in its vicinity were the misfits significant, and
under the ice the errors were such that excessive emergence was predicted.
The approach that we adopted (Wu & Peltier 1981b) was simply to reduce
the thickness of Laurentide ice by the amount required to give the observed
emergence of the 6 KBP beach at sites under the ice. This thickness cor-
rection was therefore a strong function of location (though a weak function
of the viscosity model) and when it was applied led to an ice sheet with 
much more irregular topography than that of the Peltier & Andrews
model (ICE-l), This new ice history (to which we shall refer as ICE-3) 
found to provide a good fit to the r.s.1, observations not only at sites under
the ice sheet (which cannot be considered surprising) but also at sites 
the peripheral region along the eastern seaboard of North America
where the previous misfits had been enormous (Peltier et al 1978). 
described by Wu & Peltier (1981 b), with this new melting history the model
exhibits some preference for an increase of viscosity with depth, and if a
single step increase of viscosity is introduced at the seismic discontinuity
at 670 km, then some of the sea level data prefer a lower mantle viscosity
of about 1023 Poise. Values of lower mantle viscosity that are significantly
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greater than this degrade the fit to the data, and not all data demand such
an increase.

The basis of these statements is illustrated in Figure 7, where we show
the observed r.s.1, histories at six sites, compared with the corresponding
theoretical predictions from three viscosity models, which differ from one
another only in the magnitude Of the viscosity in the lower mantle below
the 670 km discontinuity. The first three sites labelled (a), (b), (c) are, 
spectively, for Churchill, the Ottawa Islands, and Cape Henrietta Maria,
all of which were located under the Laurentide ice sheet around Hudson
Bay. Inspection of these emergence curves shows that they are not extreme-
ly sensitive to a modest increase of lower mantle viscosity although the
model with a lower mantle viscosity of 5 × 1023 Poise is firmly rejected by
all three data sets. Both the Churchill and Ottawa Islands sites prefer the
uniform viscosity model and this preference is strongest at Ottawa Islands
where the 1023 Poise lower mantle model predicts both too little net emer-
gence and too high a present-day emergence’ rate [in accord with the pre-
vious conclusions of Peltier & Andrews (1976)]. At Churchill the amount
of emergence is best fit by the uniform model, while the present-day emer-
gence rate is best fit by the model with the 1023 Poise lower mantle. At
Cape Henrietta Maria the model with the 1023 Poise lower mantle fits
both characteristics best.

Plates (d), (e), and (f) of Figure 7 show the emergence data for Boston,
Clinton, Connecticut, and Bermuda, respectively, all of which are located
beyond the ice margin and at successively greater distances from the ice
sheet center. The non-monotonic sea level history at Boston is character-
istic of sites through which the peripheral bulge propagates, an effect which
seems to be inhibited by high lower mantle viscosity (Peltier 1974). These
data, therefore, prefer the uniform viscosity model. At both Clinton, Con-
necticut, and Bermuda, which are located at greater distance from the ice
margin, the situation is reversed since at these locations the uniform model
predicts too much submergence. Again, the model with the 5 x 1023 Poise
lower mantle is nowhere preferred and so, to the extent that the ICE-3
load history is reasonable, this number is established as a firm upper bound
on the viscosity of the lower mantle insofar as the relative sea level data
are concerned.

The ICE-3 load history is, however, deficient from several points of
view. Since melting is delayed by 2,000 years compared to the Peltier &
Andrews history ICE-l, and since the locations of the terminal moraines
in ICE-1 were controlled by data, it follows that the disintegration iso-
chrones for ICE-3 may significantly violate the observational constraints.
An equally serious criticism of ICE-3 is that it does not contain sufficient
ice to explain the observed submergence in the far field (e.g. the r.s.1, curve
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Fiyure 7 RSL histories at (a) Churchill, (b) Ottawa Islands, (c) Cape Henrietta Maria, 
Boston, (e) Clinton, Conneticut, (f) Bermuda. The observed data with attached error 
are compared with predictions from three Earth models which differ from others only in the
value of the mantle viscosity beneath a depth of 670 km. The short, intermediate, and long
dashed curves are, respectively, for the model with lower mantle viscosity of 10za Poise,
with constant viscosity of 1022 Poise, and with lower mantle viscosity of 5 x 1023 Poise.
The final dramatic excursion of each r.s.l, prediction ends at the point corresponding to
the total r.s.1, variation that would be achieved in infinite time. The absisca of this point is
just the amount of emergence (submergence) remaining. The actual curves are, of course,
discontinuous between the last two points since these should be separated by infinite time.
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for the Gulf of Mexico). Although it may be possible to remedy this defect
by melting an amount of ice equivalent to a eustatic rise~of, 1~5~-20 meters
from West Antarctica, it is not yet clear that this will not produce a signi-
ficant (and perhaps adverse) effect on the northern hemisphere r.s.1, his-
tories.

This brief discussion ofthe sea level data suffices to demonstrate that
the inference of mantle viscosity from them is conditioned in a~non-negli-
gible way by the ice sheet history that one employs to make tlie predic-
tions. Before we may be confident of the inferred viscosity we are obliged
to investigate its sensitivity to plausible variations in the degli~ciation
model. As it happens [see Wu & Peltier (1981b) for details] the ICE-1 his-
tory with constant mantle viscosity also produces quite good fits to the
r.s.1, curves at most near field sites and firmly rejects the model in which
the lower mantle viscosity is 5 x 1023 Poise. In the next section, we inves-
tigate the extent to which free-air gravity data are able to provide confir-
mation of this inference from the r.s.1, information.

THE FREE-AIR GRAVITY ANOMALY

For a given viscoelastic Earth model and deglaciation history, soliation
of the sea level equation (20) yields a complete record of the loading 
the ocean basins. Convolution of the ocean and ice loads with the Green’s
function for the free-air anomaly (13b) then provides a prediction of the
free-air signal on the Earth’s surface as

Ag(0,.2, t) Ag’(O, 2,t) Ag’(0, 2, c~ (23)

where

ag’(O, 2, t) = df~’ dt’a(OlO’, 212’, tlt’)M(O’, 2’, t’)~

This form ensures that the free-air anomaly vanishes in the isostatic
equilibrium configuration that’ obtains at infinite time. The free~ir anom-
aly is a measure of the extent of isostatic disequilibrium. Clearly the cal-
culation of Ag(0, 2, ~) requires the infinite-time Green’s function a(0,.~),
the Heaviside form for which may be obtained from limi~,oo of.fl3b). In
this limit the Love numbers have the forms (12) and so correspond 
the small s asymptotes of the spectra shown in Figure 3. It might be
thought that one could compute the required a(0;~) simply by direct
calculation of the Love numbers for sufficiently small s, but this turns
out to be impossible since as s-, 0 the system (6) becomes "stiff’" as its
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order degenerates from sixth to second. As explained in Wu & Peltier
(1981a), the required function g(0, ~) must be calculated from Love 
bers determined by solution of the degenerate second-order system. Our
first attempt to calculate a free-air map (Peltier 1980b) was somewhat
in error because of the failure to recognize this problem.

In Figure 8 we show the observed free-air gravity map for the Laurentide
region (Walcott 1970). If one compares this anomaly with the ice sheet
topography shown in Figure 6a, it is clear that both have the same ellipti-
cal form and that the minimum in the free-air map is coincident with
the maximum of the ice sheet topography. The minimum value of the
observed anomaly is approximately - 35 milligals. In Figure 9 are shown
six computed present-day free-air anomaly maps, three for each of the
deglaciation models ICE-1 and ICE-3. The three calculations for each
of the two ice histories are for the same three viscosity models as were
employed in the previous discussion of relative sea levels.

Figure 8 Free-air gravity anomaly map for the Laurentide region. Figure is from Walcott
(1970).
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Figure 9 Free-air gravity predictions for the Laurentide region. Plates (a), (b), (c) show 
suits from calculations based upon ICE-1 for the uniform viscosity model, that with a lower
mantle viscosity of 10z3 Poise, and that with a lower mantle viscosity of 5 x 1023 Poise.
Plates (d), (e), and (f) show the same sequence of calculations but based upon the ICE-3
disintegration history.
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Inspection of plates (a), (b), and (c), which correspond to the Peltier 
Andrews history ICE-l, shows that the uniform viscosity model (plate a)
gives a gravity anomaly very near that which is observed. Increasing the
viscosity in the lower mantle (below the 670 km transition) from 1022
Poise to 102a Poise [-plate (b)] leads to a maximum anomaly in the central
region on the order of 60 milligals, which is so much in excess of the
observation that this model must be completely ruled out. The problem
is only amplified when the lower mantle viscosity is further increased to
5 × 1023 Poise [plate (c)] since the maximum negative anomaly then
increases to approximately 75 milligals. If the ICE-1 model were correct
then the uniform viscosity mantle would be strongly preferred by the
data as previously argued by Peltier & Andrews (1976) using only the
r.s.1, information. However, as pointed out in the last section, ICE-1
cannot fit the far field emergence data, which seem to require that melting
be delayed somewhat from the timing in ICE-1. With this delayed timing,
the ice sheet thickness must be reduced in order to fit the sea level data
and this new history (called ICE-3) was employed in the last section 
demonstrating the ability of the model to fit the r.s.1, observations.

Plates (d), (e), and (f) of Figure 9 show the gravity anomaly for 
for the three mantle viscosity models. Plate (d) for the model with a uni-
form mantle viscosity of 1022 Poise shows that the maximum negative
anomaly over Hudson Bay is significantly less than the observed (~ 20
mgals rather than ~ 35 mgals). Increasing the viscosity of the lower mantle
to 1023 Poise [plate (e)] increases this anomaly to about 33 mgals, which
is near the observed magnitude. A further increase of the viscosity of the
lower mantle to 5 x 1023 Poise [plate (f)] leaves a present-day anomaly
on the order of 38 mgals, which is somewhat larger than observed.

This sequence of comparisons very clearly demonstrates the extent to
which the inference of the viscosity of the lower mantle is influenced by the
assumed ice sheet melting history. For the thick ice sheet model that melts
early (ICE-l), the uniform viscosity mantle is strongly preferred. For the
thin ice sheet that melts late (ICE-3), an increase of the viscosity of the
lower mantle is required to fit the observed free-air gravity anomaly but
the lower mantle value cannot exceed about 1023 Poise, otherwise neither
the gravity anomaly [plate (f)] nor the r.s.1, data (Figure 7) can be recon-
ciled. The model with.a lower mantle viscosity of 5 x 1023 Poise is reject-
ed irrespective of the ice sheet history.

We consider the deglaciation histories ICE-1 and ICE-3 to be bounds
upon the actual surface mass load functional. ICE-l, although it contains
sufficient ice to explain the net submergence observed at far field sites (e.g.
Gulf of Mexico) of about 80 meters, cannot explain the time (,-~ 6 KBP) 
which raised beaches first appear along distant continental coastlines (e.g.
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Reciffe, Brazil; New Zealand; Islands in the Indian Ocean) due to the tilt-
ing ,forced by the offshore water load. ICE-3, on the other hand, contains
too little ice to explain the net emergence of raised beaches along distant
continental coastlines at 6 KBP. It may be possible to remedy the mass
defect of ICE-3 by introducing a substantial melting event in West Antarc-
tic, but it remains to be demonstrated that ~such a melting event will not
severely impact upon the northern hemisphere r.s.1, data. ICE-3, however,
suffers from the additional defect that its disintegration isochrones do not
match the observations (Prest 1969). The correct melting history is prob-
ably intermediate between ICE-1 and ICE-3 and therefore the viscosity of
the lower mantle is probably intermediate between the values inferred
with these two melting chronologies. This argument implies that an upper
bound upon the viscosity of the mantle beneath the 670 km seismic dis-
continuity is 1023 Poise. A more detailed discussion of these ideas will be
found in Wu & Peltier (1981b).

All of the discussion of gravity anomalies given here has been based
upon the assumption that the planet and its ice sheets were in isostatic
equilibrium at Wisconsin maximum. To the extent that isostatic equilib-
rium was not complete at that time, this initial disequilibrium will also
impact upon the inference of mantle viscosity from the uplift data. Al-
though, as discussed in Wu & Peltier (1981a), this effect should not be too
severe, it might lead to the requirement for somewhat higher lower mantle
viscosities than those mentioned above.

SUMMARY

The discussion in the previous sections of this article has illustrated several
ways in which the planet has conspired to remember its response to the
last deglaciation event of the current ice age. Each of these different modes
of memory contributes a significant constraint upon the viscosity of the
planetary mantle, and, in fact, provides information that is highly comple-
mentary rather than redundant. In order to Simultaneously fit the relative
sea level and free-air gravity data over Wisconsin Laurentia, the viscosity
of the lower mantle is strongly restricted to be significantly less than
5 × 1023 Poise. The preferred value is a function of the unloading history
assumed. If the Peltier & Andrews (1976) ICE-1 history is employed, then
the preferred value of the viscosity of the lower mantle is:the same as that
of the upper, i.e. ~ 1022 Poise. However, if the ICE-3.model is used, then
some increase of viscosity in the lower mantle is necessary and a value in
the neighborhood of 1023 Poise reconciles both data sets nicely. Neither
the ICE-1 nor the ICE-3 loading histories are acceptable from all points of
view. Melting occurs too early in ICE-l, as is evident from far field emer-
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gence curves. On: the other hand, melting is so much delayed in ICE-3 that
its thickness’ must be reduced substantially in order to fit the near field
r.g.1. data. This leads to the failure of ICE-3 to deliver sufficient water to
the oceans to account for the observed net submergence (e.g. in the Gulf of
Mexico). ICE-3 also violates the Observed isochrones for the disintegra-
tion of the Laurentide sheet, which suggest a somewhat earlier retreat.
It seems clear, therefore, that the ICE-1 and ICE-3 models are bounds
upon the actual disintegration history and that the estimates Of lower
mantle viscosity which one obtains by employing them in the solution of
the direct problem are themselves bounds upon the actual lower mantle
viscosity. This leads to the conclusion that a value :near 1023 Poise is the
upper bound on the viscosity of the lower mantle beneath the seismic dis-
continuity at 670 km depth. This conclusion, it will be recalled from the
introduction, is quite different from that of Walcott (1973) who believed
that this value represented a lower bound upon the viscosity in this region.
However, the conclusion is also.different from that stated in Peltier &
Andrews (1976) who, using the ICE-1 history, concluded that the lower
mantle viscosity could not be significantly in excess of the upper mantle
value of 1022 Poise. This conclusion is only valid to the extent that ICE-1
is valid and this model possesses the flaws mentioned above. Likewise, our
conclusion contradicts that reached by Cathles (1975, 1980) who employ-
ed an ice sheet model for the Laurentide that was most like ICE-3, in that
it was based upon the melting chronology of Bryson et al (1969) rather
than the better controlled, and therefore more likely reliable, chronology
of Prest (1969), which we used as the basis for ICE-1. Cathles’ Laurentide
model is thinner than ICE-1 and melting is delayed. Our analysis clearly
shows that such a melting history will require an increase of lower mantle
viscosity in order to explain the observed free-air gravity anomaly. Cathles
did not employ these data to constrain his model and this led him to reach
an overly strong conclusion, regarding the value of the viscosity in the deep
mantle.

One further implication of the results of the postglacial rebound analy-
ses discussed here concerns the question of the depth extent of the convec-
tive circulation in the mantle which we suppose is responsible for driving
the surface plates in the course of their relative motion. It has often been
assumed in the past, on fhe basis of arguments to the effect that the viscos-
ity of the deep mantle is extremely high, that convection must be confined
to the upper mantle. The results presented here and discussed in detail in
Wu & Peltier (1981 a,b) show that this argument is untenable. If convection
is confined to the upper mantle, confinement must be accomplished by
some mechanism other than through a large increase of viscosity across
the 670 km seismic discontinuity. In order to continue to support this
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hypothesis, one is more or less obliged to invoke the existence of a marked
change of mean atomic weight (i.e. chemistry) at this depth. As argued 
Pelticr (1973, 1980b), Jarvis & Peltier (1980a,b), Yuen & Peltier (1980a,b),
Yuen et al (1980), and as assumed in the recent thermal history models 
Sharpe & Peltier (1978, 1979), an equally plausible assumption is that the
whole mantle is involved in the convective circulation. This model fits
the surface observations very well and does so with a minimum of com-
plexity. Its viability is strongly reinforced through interpretation of the
observed geodynamic response to the current ice age.
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